Abstract. A general theory of best comonotone approximation in C [a, b] by elements of an «-dimensional extended Chebyshev subspace is described. In particular, theorems on the existence, (in general) nonuniqueness, and characterization of best comonotone approximations are established.
The prototype of such a subspace is n"_i, the subspace of polynomials of degree at most n -1. For another example, let ax < ■■■ < an be real numbers. Then E" = {£)"=i c,-eai'| cx, ... , cn are real numbers} is an «-dimensional extended Chebyshev subspace.
A function / £ C[a, b] is called piecewise monotone if there is a partition of [a, b] (into a finite number subintervals) such that / alternately increases and decreases on these subintervals. A function p is said to be comonotone with f if p increases (resp., decreases) on those subintervals where / strictly increases (resp., strictly decreases). Note that there is no restriction on p for those subintervals on which / is constant. Equivalently, p is comonotone with / if for each t £ [a, b] which is the end point of a subinterval It on which / is strictly monotone, then p is monotone on It (in the same sense as /).
We should mention that the term "piecewise monotone" was defined by Newman, Passow, and Raymon [7] as follows: / e C[a, b] is "piecewise monotone" if / has only a finite number of local extrema. But this is equivalent to saying that [a, b] can be partitioned into subintervals on which / is alternately strictly increasing and strictly decreasing. Thus, such a function is piecewise monotone in our sense as well. The term "comonotone" was also defined in [7] for functions which are "piecewise monotone" in the sense of [7] : a polynomial p is "comonotone" with / if it increases and decreases simultanously with /. Again such a p is comonotone in our sense as well. The main reason we wish to use our somewhat more general definitions of piecewise monotone and comonotone is that we can prove characterization theorems in this larger class. Note, in particular, that a constant function is piecewise monotone in our sense, but not in the sense of [7] .
For a given positive integer « , let M be an «-dimensional extended Chebyshev subspace of C[a, b] containing constant functions. Let / be piecewise monotone and C\i(f) := {p £ M \p is comonotone with /}.
Note that Cm(/) ^ 0 since Cm(J~) contains all constant functions. An element p £ Cnf(f) is called a best comonotone approximation to / provided that ||/-/>|| = d(f, CM(f)) := inf{||/-41 : Q 6 CM(f)}.
In the case that M = n"_i, various "Jackson-type" results (i.e., upper bounds on d(f, CM(f))) were investigated in [7] , [8] , [9] , and [6] .
In this paper we study the problems of the characterization and uniqueness of best comonotone approximations. In §2 we give two such characterizations (see Theorem 2.5 and Theorem 2.6). Such characterizations should be useful for the actual computation of best comonotone approximations. Less detailed characterizations may be obtained from the results of Deutsch and Maserick [2] and Dunham [3] . In §3 we show that these characterization theorems can be significantly improved in the special case when M = Un-X. In §4 we show that best comonotone approximations are not unique in general. This is in marked contrast to the case of best monotone approximations (see [4] ).
Characterization of best comonotone approximations
Throughout this section, we assume that M is an «-dimensional extended Chebyshev subspace of C[a, b] which contains constant functions.
We first note that the existence of best comonotone approximations to each piecewise monotone function / € C[a, b] is always guaranteed. This follows from the fact that C¡n(f) is a closed convex cone in the finite-dimensional subspace M.
If Cm(J~) consists of only constant functions, then the problem of best comotone approximation reduces to the problem of best (unconstrained) approximation from the subspace of constant functions. Since this case is well-known and easy, we shall assume henceforth that Cjif(f) contains nonconstant functions. Let Mq(J~) = span{Cjv/(/)} • Assume that <t>i, ... , Q>k are linearly independent elements in Cm(J~) so that Mo(f) = span{0!, ... , <P^} . It is obvious that dimMo(f) = k > 2. Throughout this paper, we shall always assume that <p = <I>i -|-h Ofc . «■=, E?=,l*.-W-*«Wi ,=i
Let g = <P -<P(x). Since M contains constant functions, g £ M. Now since M is an «-dimensional extended Chebyshev subspace and g is not a constant function, there is an integer 1 < w(x) < « -1 so that g^x^(x) = O^W'tjc) Í 0 and g®(x) = 0 for 0 < i < w(x) -I. It follows from (1) and the Mean Value Theorem that <?(,)(x) = 0 for 1 < i < w(x) -1. Hence L'Hôpital's rule implies that
Thus F(x) exists for each x £ S(f). Let Xj £ S(f) and x, -x0 £ S(f). Since &w(x°»(x0) í 0, there is a neighborhood c/(x0) of x0 such that ^""^»(O 7e ° for a11 * € c/(x0). Thus w(Xj) < w(xo) if 7 is large enough so that Xj £ U(xo). Since 1 < w(xj) < « -1, there is a subsequence of {xj} , still denoted {xj} , so that w(xj) = w for y = 1, 2, .. Proof. Let qx = p + kq. Let {[a¡, b¡]}¡eD be the set of all the intervals on which / is constant, i.e., f(t) = c, for some constant c, and for t £ [a¡, b¡], but f(t) ^ Ci if t £ (a¡ -8, ai) U (b¡, b¡ + 3) for some small 3 > 0. Denote T(f) = {di, bi}ieo . We consider the following five cases.
then / is strictly monotone on both a left neighborhood and a right neighborhood of x and F(x) > 0. Since F is continuous on S(f), there exists a neighborhood Ax = (x -3, x + 8) of x so that F(y) > 0 for all y £ Ax and / is strictly monotone on (x -3, x) and (x, x + 3). From this and the fact that / is comonotone with O on Ax , we see that q is comonotone with / on A* . This implies that qx is comonotone with / on Ax for all k > 0.
Case 2. If x £ X(p) n T(f), without loss of generality, we may assume that / is strictly monotone on a left neighborhood of x and is constant on a right neighborhood of x, and F(x) > 0. By continuity of F on S(f), there exists a neighborhood Ax = (x-3, x+3) of x so that F(y) > 0 for all y £ (x-8, x), f is strictly monotone on (x-8, x), and / is constant on (x, x + 8). From this and the fact that / is comonotone with <I> on (x -8, x), we get that q is comonotone with /on (x -8, x). On the other hand, since / is constant on (x, x + 8), q is comonotone with / on (x, x + 8). This implies that qx is comonotone with / on Ax for all k > 0.
Case 3. Denote A, = (a,, b¡) for i £ D. Since / is constant on \JieD A,, qx is comonotone with / on \JieD A, for all k > 0. Recall that / has a strict local extremum at to £ (a, b) if there exists a neighborhood U of io such that either f(t) > f(to) for all t £ U\{t0} or f(t) < f(t0) for all t £ U\{t0} . (Such points were called "peaks" in [7] .) For any f £ Cn [a, b] , let E(f) denote the set of all strict local extrema of /. Then the cardinality of E(f), m := card E(f), is at most « -2. We would also like to define a function o2 = o2¡p on X(p) as follows.
It is easy to see that 02W = 02,P(t) = I _j Mo(f) = {q£ n"_, I q'(t) = 0 for all t £ E(f)}.
As a consequence, dim Mq(J~) = n -card7j(/).
Proof. Let K = {q E IV, I <?'(0 = 0 for all t £ E(f)}.
It is obvious that Mo(f) C K. Conversely, for any q £ K, it follows from Lemma 3. It is easy to verify that px and p2 are comonotone with /, i.e., px,p2 £ C"(f), and / has two strict local extrema 0 and 1 in (-1,2) , i.e., E(f) = {0, 1}. Therefore MQ(f) = {qeU3\q'(0) = q'(i) = 0} = {a + b(2x3 -3x2) \ a, b £R}. Now we also have the following facts:
1. ||/-p1|| = 9 and \\f-p2\\ = 9. we have x-=fi £ X_x(px) n X^x(p2) and \ £ X+X(px)n X+X(p2).
Next we shall show that no q £ Mo(f) satisfies the following equations (4)
<0, >0.
In fact, if q £ M0(f), then we may write q(x) = a + b(2x3 -3x2). Thus = Q a This implies that q does not satisfy equations (4) and (5). It follows from Theorem 2.6 that px and p2 are two best comonotone approximations to /. We should observe that this function / is also piecewise monotone in the sense of [7] .
Remark. It is interesting to point out that if f £ Cn[a, b] does not have any strict local extremum, then f has a unique best comonotone approximation in n"_i.
In fact, in this case, E(f) = 0. Therefore, M0(f) = U"^x and X+3(p) u X-i(p) -0. Accordingly, from Theorem 3.5 we have the following special form of the characterization theorem.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Using this characterization theorem, the notion of "free" or "poised" matrices, and the corresponding Birkhoff interpolation problem in much the same way as in [4] or in [5] , one can show that the best comonotone approximation to / is unique.
